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Abstract 
The significant cooperative effect between water molecules substantially affects 
the properties of liquid water. The cooperativity of hydrogen bonds means that the 
hydrogen bond strength is influenced by the neighboring water molecules. Another 
descriptor related to cooperativity is degree correlation (or static correlation) describing 
the probability of hydrogen-bonded molecule pairs participating in additional hydrogen-
bonds. Herein we analyze the latter one in liquid water at various temperatures and 
densities in a series of molecular dynamics simulations with the help of knowledge from 
network science. We investigated how the applied hydrogen bond criteria (energetic or 
geometric) influence the obtained results, and showed that the energetic criterion is much 
more rigorous and reliable, therefore should be used for similar studies. We found that 
the structure of the subsystems of water molecules with 3 and 4 hydrogen-bonds is 
distinctly different at low temperature, 3-hydrogen-bonded water molecules form 
branched chain structures at all temperature. Deconvolution of the descriptors of the 
mixing pattern of water molecules according to their donor and acceptor numbers showed 
that species with complementary hydrogen bonding properties are likely to correlate and 
form H-bonds with each other, while species with similar H-bond pattern tend to avoid 
each other. Pearson’s coefficient (global descriptor of the local cooperativity) of the 
studied networks suggests that at normal density the H-bonded network in liquid water 
can be described by an uncorrelated network. 
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 Introduction 
It is generally understood that the unique physical, chemical and structural 
properties of liquid water originate from the existence of a complex and dynamic three-
dimensional hydrogen bonded (H-bonded) network. Liquid water shows many anomalies 
in its thermodynamical and dynamical properties, which become even more pronounced 
in the supercooled region, such as the density decrease or the increase of diffusivity upon 
isothermal compression. A comprehensive overview of these anomalies has been 
compiled by Chaplin.1 Four different scenarios (1) the stability limit2 the liquid-liquid 
critical point3 (3) the singularity free4–7 and the (4) critical point free8 scenarios have been 
put forward to explain the origin of these anomalies. Furthermore, various speculations 
suggest that the cooperativity among H-bonds has an important role in determining the 
anomalous properties of water.9–14 Indeed, Stokely et al.15 has showed that the strength of 
the cooperative component of the H-bond and the strength of the directional component 
of the H-bond determine which of the four scenarios mentioned above describes water 
properly at a given state. 
The cooperativity of water molecules has been in the focus of intensive theoretical 
research and recently broadband rotational spectroscopy has also been successfully 
applied to obtain experimental evidence for this phenomenon.16 The concept of H-bond 
cooperativity, has originally been suggested by Frank and Wen,17 and means that the 
local H-bond strength is influenced by the neighboring water molecules. As a 
consequence, the interaction energy of two water molecules also depends on their 
interaction with a third, or several additional water molecules, making the three-body 
terms essential in the evaluation of the overall interaction energy. Further manifestations 
of the cooperativity of H-bonds include changes of electronic properties such as dipole 
moment or changes in the O-H vibrational frequencies.18 These phenomena have been 
extensively investigated by quantum mechanical calculations and ab initio molecular 
dynamics simulations.  
Other descriptors related to cooperativity might also be defined. The correlation 
between H-bonds describes the probability of H-bonded molecule pairs participating in 
additional H-bonds. Degree correlation (static correlations) in real networks indicates that 
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the links are not randomly wired and the probabilities of the existence of a bond among 
nodes with different degrees deviate from their expectation value. The correlation 
between H-bonds could be investigated by assessing the mixing properties of the system 
and comparing the degree-degree correlation function of the H-bond network to the 
random distribution. This quantity can be used to measure the local cooperativity among 
the species. Luzar showed that in the range of statistical uncertainties the number of H-
bonds around a specified molecule is essentially uncorrelated with the number of H-
bonds around a bonded nearest neighbor.19 She also studied single H-bond dynamics by 
the reactive flux formalism and found no dynamical cooperativity between different H-
bonds in water.20 Errington et. al.21,22 found that formation of more tetrahedral regions in 
liquid water is cooperative. Raiteri et. al.23 showed that cooperative processes (dynamical 
cooperativity) between neighboring H-bonds are significant on short time scales and they 
become more pronounced at low temperatures. 
Recently substantial insight has been given into the underlying connectivity 
properties of various networks, including biological, sociological and engineering  
systems as well.24–28 Generally speaking, a network can be represented by a graph built 
up from vertices and links. In the simplest description the network has a binary nature, 
where the edges (bonds) between the nodes are either present or not. Many real systems 
can be better described by a weighted graph29 in which each bond carries a numerical 
value measuring the strength of the connection. In the case of liquid water, vertices are 
the water molecules and the links are the H-bonds between them. 
Graph theoretical algorithms have been recently gaining larger role in the 
investigation of the structural properties of hydrogen-bonded liquids. Bakó and 
coworkers applied a spectral graph theory to investigate H-bonding network topology in 
liquid water,30,31 methanol,30 formamide,32 and water-formamide33 and water-methanol34 
mixtures and around proteins35. Clark et al applied other essential topological indices 
(geodesic distribution - the shortest H-bond pathway between molecular vertices) to 
investigate the H-bonded network in water, methanol, ethanol, and their binary mixtures 
adsorbed in microporous hydrophobic zeolite and α-quartz|water interfaces.36 They have 
also developed the ChemNetworks software, which is a general code to convert chemical 
systems to chemical network formalism.37 Choi and Cho used spectral graph analysis to 
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study the mechanism of ion aggregation in high salt concentration solutions and found 
that the ion clusters formed in NaCl solution are graph-theoretically and morphologically 
different from the ion network structures in KSCN solution.38  
In this paper we investigate how temperature and pressure influences the static 
correlation between H-bonds in liquid water. In order to do so, we carried out molecular 
dynamics simulations in various temperatures and densities on liquid water, and 
transformed the Cartesian coordinates of the snapshots into a network of H-bonds. 
Finally, the obtained H-bond networks were analyzed using the tools of network science. 
The transformation requires a definition for H bonds. In the literature various definitions 
of H-bond exist, thus we decided to check how using the geometric and energetic criteria 
for H-bonds would influence the most profound properties of the graphs representing the 
H-bond network.  
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Computational details 
Molecular dynamics simulations: Molecular dynamics (MD) simulations in NVT 
ensemble were performed using the DL_POLY 2.20 program.39 Each system consisted of 
2048 molecules in a cubic box corresponding to three different densities: 1.0, 1.12 and 
1.24 g/cm3. The simulations were carried out at all densities at three different 
temperatures: at 250, 300, and 350 K, respectively. Periodic boundary conditions were 
employed and the Ewald summation was used to handle the long-range Coulomb 
interactions. The short-range interactions were cut-off at 15 Å. 
 The MD trajectories were generated using the SPC/E40 intermolecular potential 
model for water with a time step of fs. The boxes were equilibrated for 1 ns and data 
collected for 5 ns at 300 K and 350 K and 10 ns at 250 K using the Verlet leap-frog 
algorithm under control of the Nose-Hoover thermostat with a weak coupling τ = 0.5 ps. 
Longer simulation time was used at 250 K due to the increased life of the H-bonds in 
order to obtain improved sampling. Rigid-body constraints were maintained using the 
quaternion algorithms. 
MD trajectories were analyzed using two, frequently applied41, different H-bond 
definitions. In our work two molecules were considered H-bonded if (1) the O···H 
distance was smaller than 2.5 Å and the interaction energy was smaller than -3.0 kcal/mol 
(energetic definition) (2) the O•••H distance was shorter than 2.5 Å, and the H-O•••O 
angles less than 30° (geometric definition) (3) the O•••H distance was shorter than 2.5 Å, 
and the  O•••O distance was shorter than 3.35 Å (additional geometric definition).  
Furthermore, we investigated the sensitivity of our conclusions and of the H-bonded 
properties of  the system to the applied geometrical and energetic parameters (H-O…O 
angle between 20°-40°, interaction energy from -1.5 kcal/mol to -3.5 kcal/mol). The 
statistically significant difference between the results obtained from the two datasets were 
assessed by Student’s t-test and F-test.  
H-bond network analysis: We carried out a statistical analysis of the graphs 
representing the H-bond network of liquid water that were obtained from the MD 
simulations. Every 2 ps a snapshot has been taken from the MD trajectory at 300 K, 350 
K and 250 K, in order to avoid short-term correlation between the configurations, then 
they were converted to graphs of the H-bond network (links: H-bonds, nodes: water 
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molecules) resulting in 2500 and 5000 graphs in total, respectively at 300/350K and at 
250K. For each graph we determined the average H-bond number (nHB), the fraction of 
water molecules with a given number of H-bonds (fk), where index k refers to the number 
of H-bonded neighbors of a given water molecule, and from this the H-bond number 
distribution (fhb(i)). Additionally we analyzed the distribution of donor and acceptor H-
bond number (n(I,J), where I and J define the number of donor and acceptor sites of a 
given water molecule).42  
Networks are frequently represented by weighted graphs.34 In H-bonded networks 
the interaction energy of the H-bond (EHB) arises as the most suitable quantity to be used 
as weight. For this reason the interaction energy between each bonded pair was assessed 
individually to yield EHB using the SPC/E force field, and was used to create the weighted 
graphs, to calculate the average H-bond strength (<EHB)>), the H-bond strength 
distribution (P(EHB)) and the strength of a node (Etotal) (total interaction energy: the sum 
of the interaction energies of a water molecule with its H-bonded neighbors calculated 
from pair-wise interaction energies). The strength of a node integrates the information 
about its connectivity and the weights of its links. The more negative the overall 
interaction energy of the central molecule is, the stronger the node is. The percolation 
properties of the systems were also studied  
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Results and discussion  
We carried out a detailed analysis of the H-bonding properties of the nine 
investigated systems. The number of average H-bonded neighbor number (nhb) decreases 
as a function of temperature being in good agreement with other studies43–48  (see Table 
1.). Interestingly, in contrast to previous assumptions the H-bond definition affects this 
quantity considerably, as the more restrictive energetic definition yields on average 0.5 
unit smaller nhb values than the geometric definition. Further difference between the 
results is that using the energetic definition the fraction of water molecules with three H-
bonds (f3) is the most substantial, while the geometric definition predicts water molecules 
with four H-bonds (f4) to be the most frequent. Prompted by these discrepancies we 
thoroughly investigated the results obtained by the two definitions (see the 
Supplementary material for the detailed discussion). In short, we found that the none of 
the geometric definitions fulfills properly the necessary requirements (directional and 
always attractive in character) for a H-bond (see Table S2 in the Suppl. Mat.). Therefore, 
from now on we use the energetic definition of the H-bond throughout our paper for 
analyzing our simulation data. Here we want to remark that we carried out all analysis 
using both the energetic and the geometric definition in order to assess the effect of used 
H-bond definition on all our conclusion and as we showed in the supplementary material, 
that the main conclusions do not depend on the applied definitions  
 
 
Table 1. Characteristic values of H-bonded networks in liquid water at different 
temperatures at 1.0 g/cm3 density (nhb: average number of H-bonds, fk fraction of water 
molecules with a given number (k) of H-bonds) 
 
 HB definition f2 f3 f4 f5 nHB 
250 K 2.5 Å,30 ° 0.066 0.302 0.563 0.062 3.61 
 2.5 Å, -3 kcal/mol 0.171 0.417 0.366 0.019 3.18 
300 K 2.5 Å, 30 ° 0.129 0.371 0.423 0.056 3.37 
 2.5 Å, -3 kcal/mol 0.250 0.419 0.252 0.017 2.91 
350 K  2.5 Å, 30 ° 0.192 0.394 0.323 0.046 3.14 
 2.5 Å, -3 kcal/mol 0.310 0.389 0.180 0.015 2.68 
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The characteristic values for describing the H-bond network of liquid water at 
various temperatures and densities are presented in Table 2. The average number of H-
bonds slightly increases as a function of density at a 300 and 350 K, but decreases at 
250 K. At all temperatures and densities the fraction of water molecules with three H-
bonds is the most substantial, it is about 40%. At all temperatures the fraction of water 
molecules with one and two H-bonds decrease with increasing density while the fraction 
of water molecules with four and five H-bonds increase, in line with our expectations.  
An interesting aspect of the H-bond network structure is the donor and acceptor 
number of the various nodes, the probabilities of the most frequent joint donor/acceptor 
numbers are also shown in Table 2. E.g. n(1,2) refers to the fraction of those water 
molecules which donate 1 H-bond and accept 2 H-bonds. We do not show the n(2,2) 
values as it is almost equal to f4. The fraction of water molecules with 5 H-bonds 
increases significantly as a function of density, and it is almost equal with n(2,3). Water 
molecules with 3 H-bonds can be divided into two significantly different populations, 
namely n(2,1) and n(1,2), the first one being larger in all cases. The probability of both 
types of nodes decreases slightly as a function of temperature. Our finding agrees well 
with data obtained by Markovich et al at 300 K.42 
 
Table 2 Characteristic values of H-bonded networks in liquid water at different 
temperatures and densities (nhb:average H-bond number, fk fraction of water molecules 
with a given number (k) of H-bonds,  n(I,J): fraction of water molecule with I donor and J 
acceptor site) 
  f2 f3 f4 f5 nhb n(1,2) n(2,1) n(2,3) 
250 K 1.00 0.171 0.417 0.366 0.019 3.18 0.178 0.244 0.017 
1.12 0.180 0.420 0.343 0.026 3.16 0.178 0.241 0.025 
1.24 0.187 0.420 0.324 0.034 3.14 0.178 0.241 0.030 
          
300 K 1.00 0.250 0.419 0.252 0.017 2.91 0.176 0.241 0.016 
1.12 0.247 0.415 0.251 0.023 2.93 0.175 0.241 0.022 
1.24 0.243 0.41 0.252 0.030 2.96 0.174 0.236 0.029 
          
350 K 1.00 0.310 0.392 0.180 0.015 2.68 0.163 0.228 0.014 
1.12 0.295 0.391 0.194 0.020 2.75 0.165 0.225 0.019 
1.24 0.283 0.389 0.205 0.028 2.80 0.166 0.222 0.027 
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Percolation properties of water molecules with three and four H-bonds. 
Several authors suggested that the water molecules with four H-bonds form small 
ramified patches whose density is lower than that of water (low density patches). We 
showed in our earlier studies31 that in the case of SPC/E water potential these molecules 
almost form a percolated network at 250 K and at 1.0 g/cm3 indicated by the similar 
cluster  size distribution of the low-density patches at 250 K as the cycle size distribution 
of the overall HB structure of water at ambient temperature. However, as the fraction of 
water molecules belonging to cyclic entities was found to be significantly smaller than 
the same quantity in bulk water.  
Here, we extended this analysis for the subsystems including only 3 or 4-H-
bonded molecules. Molecules were considered to be part of a given a connected  entity if 
there was a minimum length path  consisting of a series of H-bonds through which one 
can reach all of the other water molecule of the entity. In Fig. 1 we show the cluster size 
distribution of water molecule with 3 and 4 H-bonds at 1.24 g/cm3, but similar 
distributions were obtained at smaller densities as well. It is known that in a percolated 
network the cluster size distribution has a significant bump at larger cluster sizes, 
indicating the appearance of very large clusters which we only observed in the case of 4 
H-bonded water molecules at 250 K. The structure of the population of water molecules 
with 3 H-bonds is branched chain at all 3 temperatures.  
A. 
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Fig 1.  Cluster size distribution m(i) in liquid water at various temperatures for 4 
H-bonded (A.) and 3 H-bonded (B.) water molecules at 1.24 g/cm3. The purple vertical 
lines indicate the number of 4 and 3 H-bonded molecules in the system. 
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 H-bond interaction energy as a function of the H-bonded environment.  
The average total interaction strength of water molecules (Etotal (nHB)) as a function of H-
bonded neighbor number is shown in Fig. 2, and its distribution function in the 
Supplementary Material (Fig. S3). Each investigated system exhibits the same type of 
Etotal(nHB) dependence. The average interaction energy of water molecules forming a 
single H-bond is about -4.8 kcal/mol which is somewhat less favorable, due to the non-
ideal geometries visited in the MD trajectory, than the interaction energy of -6.57 
kcal/mol obtained at the optimum geometry using the SPC/E force field.36,49 The 
formation of the second, third and fourth H-bonds leads to a very similar energy gain as 
the first, but the obtained function starts to deviate considerably from linearity at H-bond 
number 5 because of the steric requirements for a H-bond. Presence of a fifth hydrogen 
bonding water molecule distorts the first solvation shell of the central molecule, which 
leads to the elongation of the original H-bond distances, thus to their weakening. The 
almost linear correlation between the total strength of the node (the sum of the interaction 
energies between the central molecule and its H-bonded neighbours) and the H-bond 
neighbor number (between one and four) implies that most H-bonds are characterized by 
very similar interaction energies, thus each link has approximately the same weight 
regardless of the network topology.  
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Fig. 2. The average total interaction energy (strength of node) of water molecules (Etotal 
kcal/mol) as a function of nhb, the number of H-bonded neighbors at 300 K.  
 
We decomposed the interaction energy data as a function of the donor/acceptor 
number (n(I,J)) of the water molecules (Table 3.). The interaction energy between two 
water molecules significantly depends on their H-bonded environment. The calculated 
differences are statistically significant in all cases (as showed by Student’s t-test and the 
F-test) and show a continuous increase as a function of temperature and density. The 
strongest interactions at all temperatures and densities are observed between species with 
lowest number of H-bonds: between species with n(I,J) 1,1 and 1,1; 1,1 and 2,1; 2,1 and 
2,2. It is somewhat unexpected to detect the reasonably large (about 0.4 kcal/mol)  
interaction energy difference between molecular pairs with 1,2-1,2 and 2,1-2,1 
donor/acceptor numbers in all investigated systems. Our results, presented in the 
Supplementary material (Table S4), revealed that this conclusion did  not depend on the 
applied H-bond criteria, but is a general property of the SPC/E force field. 
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This result is in contrast to the conclusions of quantum chemical calculations. 
Ohno et al. proposed a relationship between the H-bonded state of donor and acceptor 
molecule and the strength of the H-bond and found that the strongest H-bond and largest 
red shift of the OH stretching frequency occur in the 1.2-2,1 pair .50 This conclusion was 
also drawn by Tao et al.51  The failure of the SPC/E model to properly describe the H-
bonded interaction locally in liquid water, compared to the quantum chemical calculation 
is not a surprising results, as the SPC/E water model does not include polarization and 
charge transfer terms.  It is very probable that this is one of the reasons, why the SPC/E 
model does not describe properly the phase diagram of liquid water 52 
 
Table 3. The average H-bond interaction energy between the different water species 
(kcal/mol), n(I,J): I: number of donor sites, J: number of acceptor sites. A1: acceptor 
molecule, D1: donor molecule 
 
D1 A1 1.0 g/cm3 1.12 g/cm3 1.24 g/cm3 
I,J  I,J 250 K   300 K 350K 250 K 300 K 350K  250K  300K  350K  
1,2 1,2 -4.80 -4.68 -4.58 -4.77 -4.66 -4.57 -4.75 -4.65 -4.57 
1,2 2,1 -4.85 -4.73 -4.63 -4.83 -4.71 -4.62 -4.80 -4.69 -4.60 
1,2 2,2 -4.79 -4.68 -4.58 -4.76 -4.66 -4.57 -4.73 -4.63 -4.55 
1,2 2,3 -4.66 -4.55 -4.47 -4.64 -4.54 -4.47 -4.61 -4.53 -4.45 
2,1 2,1 -5.14 -5.01 -4.90 -5.10 -4.97 -4.86 -5.05 -4.93 -4.82 
2,1 2,2 -4.89 -4.78 -4.68 -4.86 -4.75 -4.65 -4.82 -4.72 -4.63 
2,1 2,3 -4.59 -4.51 -4.44 -4.58 -4.50 -4.43 -4.56 -4.49 -4.43 
2,2 2,2 -4.79 -4.68 -4.58 -4.75 -4.65 -4.56 -4.72 -4.62 -4.53 
2,2 2,3 -4.57 -4.49 -4.39 -4.55 -4.47 -4.39 -4.53 -4.45 -4.38 
1,1 1,1 -5.20 -5.05 -4.92 -5.17 -5.02 -4.90 -5.12 -4.99 -4.87 
1,1 1,2 -4.92 -4.80 -4.69 -4.90 -4.78 -4.68 -4.87 -4.76 -4.67 
1,1 2,1 -5.17 -5.03 -4.91 -5.13 -4.99 -4.87 -5.09 -4.95 -4.84 
1,1 2,2 -4.98 -4.86 -4.74 -4.94 -4.82 -4.72 -4.90 -4.79 -4.70 
 
Investigation of cooperativity effect in H-bonded network  
It is known, that many real networks are markedly different in their mixing 
patterns. Social networks such as Facebook and scientific co-authorships show strong 
assortative character, meaning that highly connected nodes are likely to form links with 
similarly highly connected nodes. In contrast, protein interaction networks and neural 
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networks show a disassortative character meaning that high degree nodes tend to attach to 
low degree nodes. 
One can determine the assortative character of the network, by introducing the 
conditional probability Pcalc(k,k’), where k is the number of H-bonded neighbors, to 
define the probability that a bond from a molecule characterized with k H-bonded 
neighbor number points to another molecule characterized with k’ H-bonded neighbor 
number. In an uncorrelated network, this conditional probability has the following form: 
'
' '
,
( ) ´ ( )´
( , )´
( ) ( )
unc hb hb
hb hb
k k
kf k k f k
P k k
kf k k f k


    (1) 
 
The static cooperation effect (excess conditional probability) can be characterized 
by the difference between the conditional probabilities Pcalc(k,k’) calculated directly from 
the simulation or from the H-bond number distribution as calculated from Eq. 1. 
The excess conditional probability has the following form. 
 
( , )´ ( , )´ ( , )´exc calc uncP k k P k k P k k     (2) 
 
It is known, that the direct evaluation of Pcalc(k,k’) distribution gives extremely 
noisy results for a real network and a H-bonded network of water.27 In Fig. 3. we 
compare the Pcalc(k,k’) values calculated directly from the simulation with the Punc(k,k’) 
calculated from the H-bond number distribution. It is evident that the statistical 
uncertainties of these quantities are too large, therefore the calculated deviations given in 
Table 4 are not satisfactorily well-defined. This conclusion for liquid water at 300 K, and 
at 1.00 g/cm3 density has already been showed by Luzar for a significantly smaller-sized 
system and using a shorter simulation time and without additional statistical  
analyses.19,20 We carefully analyzed our data statistically (applying Student’s t-test and F-
test), so we can conclude that a significant positive excess conditional probability (extra 
correlation) exists between water molecules with 4 H-bonds at 250 K at every density. A 
positive extra correlation means that the probability of finding a link between the given 
nodes is higher than would be expected in a random graphs, thus at low temperatures 
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water molecules with 4 H-bonds are very likely to form H-bonds with other water 
molecules with 4 H-bonds. This certainly points into the same direction as the results of 
the cluster size analysis: which showed that if only the subsystem of water-molecules 
with 4-H-bonds is investigated very large, extended rings can be found (seen in Fig. 1)., 
in contrast to the subsystem of three-hydrogen-bonded water molecules.  Furthermore, 
this finding also supports the idea of the presence of  the low density patches formed by 
water molecules with four H-bonds. This extra correlation between the water molecules 
with 3 H-bonds is negative, smaller and statistically not significant in several cases. 
These results are in good agreement with our earlier data, namely, that water molecule 
with 3 H-bonds do not form a percolated network at any temperature.  
 
Table 4. Characteristic values of the excess Pexc(k, k’) function calculated from 
simulations at various  temperatures and densities. Statistically significant data are shown 
in italics.  
1.00 g/cm3  2…3  2..4 3..3 3…4 3…5 4..4 4..5 
250 K  3.1E-04 -9.6E-04 -4.7E-04 -2.7E-04 3.9E-04 2.2E-03 -8.6E-04 
300 K 2.8E-04 -4.7E-04 -8.4E-04 5.6E-04 -3.7E-05 3.5E-04 -3.7E-04 
350 K 3.0E-04 -4.3E-04 -3.0E-04 1.7E-04 -3.4E-04 1.2E-04 2.2E-04 
1.12 g/cm3 250 K 4.0E-04 -8.8E-04 -3.6E-04 -1.1E-04 8.6E-05 1.7E-03 -5.6E-04 
300 K 3.7E-04 -7.6E-04 -2.2E-04 2.6E-04 -4.2E-04 6.7E-04 -2.3E-05 
350 K 4.9E-04 -7.6E-04 -7.5E-05 2.1E-04 -6.2E-04 2.7E-04 3.8E-04 
1.24 g/cm3 250 K 7.4E-04 -9.6E-04 2.8E-04 -2.2E-04 -6.7E-04 1.6E-03 -1.8E-04 
300 K 7.9E-04 -1.0E-03 4.7E-04 -7.6E-05 -1.0E-03 9.3E-04 2.9E-04 
350 K 9.0E-04 -1.2E-03 7.4E-04 -2.9E-04 -1.2E-03 8.0E-04 7.6E-04 
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Fig. 3. P(k,k’) functions for the system at 1.00 g/cm3 density and at T=300 K  calculated 
from the simulation (Pcalc(k,k’), black line) or directly from Eq. 1 (Punc(k,k’), pink 
crosses). 
In order to get more detailed information about the correlation between species 
with 3 and 3 H-bonds (3..3) and 3 and 4 H-bonds (3…4) we decomposed the P(k,k’) data 
according to donor and acceptor number (I and J) of the species participating in H-bond 
formation. This led to the following main pairs: 1,2…1,2, 1,2...2,1, 2,1…2,1, 1,2…2,2, 
2,1…2,2. E.g. the pair 1,2...1,2 indicates the interaction between a species with 3 H-
bonds participating once as a donor and twice as acceptor interacting with another water 
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molecule with 3 H-bonds (1 donor and 2 acceptor sites). The calculated excess quantities 
are given in Table 5. A significant positive correlation exists between 1,2…2,1 and 
2,1...2,2 species and negative correlation between 1,2...1,2; 2,1…2,1 and 1,2…2,2 
species. Positive correlation implies that species are likely to form hydrogen bonds (as it 
is found for species with complementary H-bonding pattern), while species with similar 
hydrogen bond pattern are likely to avoid each other (negative correlation). The very 
weak or statistically not significant excess correlation among the 3,3 and 3,4 species 
results from the cancellation of various correlations with different signs. 
 
Table 5. Characteristic values of the excess P(I,J, I’J’) function calculated from 
simulations at various temperatures and densities (all of the data are statistically 
significant., I,J: I:donor number, J: acceptor number) 
density T(K)  1,2…1,2 1,2…2,1 2,1...2,1 1,2...2,2 2,1...2,2  
 250 -3.43E-03 1.06E-02 -7.71E-03 -1.29E-03 4.39E-04  
1.00 g/cm3 300 -4.39E-03 1.27E-02 -9.20E-03 -1.27E-03 2.32E-03  
 350 -4.64E-03 1.32E-02 -8.87E-03 -1.41E-03 1.96E-03  
 250 -3.37E-03 1.06E-02 -7.65E-03 -7.42E-04 3.44E-04  
1.12 g/cm3 300 -4.11E-03 1.24E-02 -8.57E-03 -9.33E-04 1.54E-03  
 350 -4.41E-03 1.23E-02 -8.09E-03 -7.62E-04 1.52E-03  
 250 -3.29E-03 1.05E-02 -7.14E-03 -4.50E-04 2.01E-04  
1.24 g/cm3 300 -3.84E-03 1.18E-02 -7.48E-03 -5.07E-04 9.52E-04  
 350 -4.11E-03 1.17E-02 -7.10E-03 -6.65E-04 9.71E-04  
 
The problem caused by the statistical uncertainties of excess conditional 
probabilities calculated directly from the simulation could be overcome by defining the 
average nearest neighbor degree distribution (knn,i eq. (3)) or the average weighted nearest 
neighbors degree ( w innk , , eq. (3)) of node i in the following forms: 

j
j
i
inn k
k
k
1
,    (3) 
and  
j
j
ijhb
itotal
w
inn kE
E
k  ,
,
,
1
   (4) 
where the summation goes over all H-bonded neighbors and 

j
ijhbitotal EE ,,     (5) 
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and Ehb,ij is the interaction energy between the i-th and the j-th water molecules. If there is 
no degree correlation, then knn(k) is independent of H-bond number k and it is equal to 
<nhb
2>/<nhb>. Correlated graphs are called assortative (disassortative) if knn(k) is 
increasing (decreasing) as a function of k. This correlation can be quantified by using the 
numerical slope of knn(k), which is also called the Pearson correlation coefficient. 
In Fig.4a we have depicted the dependence of the average nearest neighbor degree 
distribution on the H-bonded neighbor number. In most cases the Pearson correlation 
coefficient is around zero showing no statistically significant assortative or disassortative 
mixing character. However, at larger densities (especially at 1.24 g/cm3) the coefficient 
becomes positive (around 0.02 at all temperatures) showing a slight cooperation. The 
conclusions are the same for both the weighted (see Fig. 4) and unweighted (not shown) 
graphs. 
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Fig. 4. Cooperation in the water network at different temperatures and densities. Data 
obtained from a weighted network. 
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Conclusions 
In the present paper we applied a method to the study the cooperative properties 
of the H-bond networks in liquid water which is widely used in network science for 
characterizing the mixing properties of real networks (social, technological and biological 
networks). We investigated how the applied H-bond criteria (energetic or geometric) 
influences the obtained results, and showed that the energetic criterion is much more 
rigorous and reliable, therefore its use is strongly recommended for the study of hydrogen 
bond networks. We found a significant change in the shape of the H-bond interaction 
energy distribution curve of water molecules incorporated in different H-bonding 
environments. 
Analysis of the cluster size distribution of the populations of water molecules with 
3 and 4 H-bonds show that at 250 K water molecules with 4 H-bonds form an almost 
percolated network, however, the structure of the population of water molecules with 3 
H-bonds is best described as a branched chain network at all temperatures. 
Deconvolution of the descriptors of the mixing pattern of water molecules according to 
their donor and acceptor numbers and show that in general species with complementary 
H-bonding properties (i.e. with complementary donor and acceptor numbers) are likely to 
correlate and form hydrogen bonds with each other, while species with similar H-bond 
pattern tend to avoid each other. Our results also nicely indicate that at low temperatures 
water molecules with four H-bonds are likely to form H-bonds with each other, 
supporting the presence of low density patches. Furthermore, the Pearson’s coefficient 
(global descriptor of local cooperativity) of the studied networks suggests that at normal 
density the H-bonded network in liquid water can be described by an uncorrelated 
network.  
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